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Abstract 

A set of fixed boundary weights for both the critical dense and dilute Al face 
models is constructed from the known boundary weights of the related loop model. 
The surface operator content and the conformal partition functions then follow from 
the results obtained via the Bethe equations. 



1 Introduction 



The remarkable interplay between critical systems and the symmetries of con- 
formal and modular invariance has been well illustrated by direct calculations 
on exactly solved models [1-3]. One well known family of such are the critical 
A-D-E models which are built from the Dynkin diagrams of the simply laced 
A-D-E Lie algebras [4]. These models can all be mapped onto an underlying 
loop model [4,5]. Another family of critical models, the dilute A-D-E lattice 
models [6-8], can be mapped onto the dilute O(n) loop model [9,10]. The bulk 
operator content and the modular invariant partition functions of these mod- 
els are now well understood (see, e.g., [11]). However, the situation is not so 
clear for the surface operator content, at least from the perspective of exactly 
solved models. 

The particular geometry of interest here is that shown in Fig. 1. We confine 
our attention to the Al models. To distinguish between the two families, we 
refer to them as the dense A L and the dilute A L models, the nomenclature 
arising naturally from the corresponding loop models. 
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Fig. 1. An open square lattice in the vertical strip geometry. The face models under 
consideration are defined on the solid lines. The underlying loop and vertex models 
are defined on the dashed lines. 

1.1 Face models 



The bulk face weights of the dense A L models at criticality are [4,12] 
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and S a = sinaA. The variable u is the spectral parameter and A = n/h is the 
crossing parameter with Coxeter number h — L + 1. We are interested here in 
the boundary between regimes III and IV for which < u < A. The elements 
of the adjacency matrix A are given by 
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The bulk face weights of the dilute A L models at criticality are [6-8] 
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and the generalised Kronecker delta is unity if all its arguments take the same 
value and zero otherwise. For these models 



4,* = {i' 6 = aora±1 ' (i.6) 

10, otherwise. v 1 

The regimes of interest here are 



71 L 

regime 1 0<w<3A A = — L = 2, 3, 

4 L + 1 

ix L + 2 

regime 2 0<w<3A A = L = 3, 4, 

4 L + 1 



where 



h = , L + 2, regime 1, ^ ? , 

' L + 1, regime 2. 



1.2 Loop models 



To obtain a set of integrable boundary weights for the face models we consider 
the corresponding loop models, which have been solved in the open geometry 
of Fig. 1 [13,14]. The partition function of the dense O(n) loop model on the 
dashed lattice of Fig. 1 is defined by 
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Fig. 2. The allowed vertices of the loop model along with the possible height con- 
figurations. 
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where the bulk weights p$ and p$ are given in (1.2). The sum is over all 
configurations Q of non-intersecting closed loops covering all lattice bonds. 
The two possible loop configurations at a vertex are numbers 8 and 9 in 
Fig. 2. In configuration Q, mi is the number of occurrences of the vertex of 
type i, while P is the total number of closed loops of fugacity n = 2 cos A. The 
boundary weights are 



Pro = P12 



(1.9) 



The partition function of the dilute O(n) model is defined by 

z = Y.p? 1 ---p?3 a ^ 



;i.io) 



where now the loops need not cover all lattice bonds and the loop fugacity 
is given by n = — 2cos4A. The possible loop configurations at a vertex are 
shown in Fig. 2, with a vertex of type % carrying a Boltzmann weight pi. The 
bulk weights are as given in (1.5). The integrable boundary weights are 



Pro = P12 = sin[i(3A -u)+e], 
Pu = P13 = sin[i(3A + u) + e}. 

There is one set for e = 0, the other for e = f • 



(1.11) 



Note that just as there is a loop formulation of the Yang-Baxter equation, 
ensuring integrability of the loop model in the bulk [15], there is also a loop 
formulation of the reflection equations, ensuring integrability at a boundary 
[16]. Rather than seeking explicit solutions of these equations our approach 
here is via the loop-to-face correspondence. 
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2 Boundary face weights and exact solutions 



The face model transfer matrix t D (u) acts between three diagonal rows of the 
lattice, labelled by the heights {a , a±, . . . , a^}, {b , bi, ... , b^} and {c , c±, . . . , 
Cjv}, with a 2k = b 2k and b 2 k-i = c 2 k-i- Here N is the number of bulk edges in 
a row, which we take to be even. Thus 
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The bulk face weights of the A L models are as given in (1.1) and (1.4). Now 
consider the boundary face weights. 



2.1 Dense Al model 



In accord with Fig. 2 we define the boundary face weights of the dense A L 
model to be 

K + ( a a±l)=p w , K_(a±l a n )=p 12 , (2.2) 



where pio and p\ 2 may be arbitrary height-independent functions. General 
boundary face weights for this model have been discussed in [17,18]. 

The diagonal-to-diagonal transfer matrix t D (u) for the underlying loop model 
has eigenvalues [13,14] 



A[U) - Pl ° PU } = \ sinh[ Mj + \i{u - A)] sinh[ M , - \i{u - A)] ' (2 ' 3) 
where Uj (j = 1,2, ... ,m) are roots of the Bethe equations 
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2.2 Dilute A L model 



Again in accord with Fig. 2 we define the boundary face weights of the dilute 
A L model to be 
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where the functions pio _ Pi3 are as given in (1.11). The origin of the e factor is 
seen to be the double periodicity of the more general elliptic boundary weights 
[19]. 

With the given normalisation of the weights, the eigenvalues are [14] 
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where the m roots Uj satisfy 
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with again e = or f , depending on the choice of boundary weights. 



3 Surface operator content 



Let Ao be the largest eigenvalue of the transfer matrix. From the explicit 
calculations on the loop models, we know that the reduced free energy, f N = 
— A _1 logA , scales as 

Z^ + ^ + l-ll + oOV- 2 ). (3.1) 
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Here foo is the bulk free energy, f± are surface free energies and ( is a geometric 
factor. The rest of the eigenspectrum scales as 

log Ao = ^«a ±i ) +o(JV - 1)> (32) 



where j — 0, 1, . . . defines the conformal tower of eigenstates associated with 
each eigenvalue. Both (3.1) and (3.2) are in agreement with the expectation 
from conformal invariance [1-3]. The quantities and f± are non-universal. 
Our interest here is in the universal scaling part of the spectrum defined by 
the central charge c and the surface scaling dimensions xe- Their values can 
be inferred from the underlying loop models. 



3.1 Dense A L model 



Given the above boundary weights, a comparison of the finite-size transfer 
matrix eigenspectra of the dense Al model on the one hand, and the dense 
O(n) loop model on the other, reveals a selection rule on the parameter m 
appearing in the Bethe equations (2.4). This parameter labels the sectors of 
the transfer matrix of the vertex model representation of the loop model. The 
restriction on m arises from the mapping of height configurations to arrow 
configurations on the underlying vertex model. Specifically, m = — £, for 
£ = 0, 1, . . . ,4iax, where £ max = [\{L - 1)J, the integer part of \{L - 1). 
We confirm numerically that the eigenspectrum of the face model is exactly 
equivalent to the eigenspectrum of the loop model with the above restriction. 
However, the equivalence is not one-to-one, as the degeneracies differ. For ex- 
ample, the largest eigenvalue is L-fold degenerate in the face model. There are 
eigenstates in the £ < £ max sectors of the loop model which are not eigenstates 
of the face model. However, these are precisely the same eigenvalues which 
appear in the sectors with £ > £ max . As a result the surface operator content 
of the face model can be inferred from the known results for the loop model. 

The central charge and surface scaling dimensions of the loop model are 
[13,20,21] 

c=l- , 6A * , x l = -[£(ir-X)-X], (3.3) 

7l[7l — A) 71 



where £ is unrestricted. The Bethe equation calculations also reveal a set of 
constant scaling dimensions, with x — 2. Now consider the face model. In 
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terms of the Kac formula [1-3] 



[fa- (ft - l).p - 1 

4ft(A - 1) { ' 



we have, recalling that A = ir/h with /i = L + 1, 



K=A WS , €=l,...,|i(A-2)J. (3.6) 

Along with the constant dimension x = 2, this defines the surface operator 
content of the dense A L face model. 

The first example is the Ising model with h — A,c—\,x a — \ and x e = 2. The 
next few cases are h = 5, with c — j^, x — ^, x — 2, and h — 6, c = |, x = |, 
x = 2, x = 3. Recall that the boundary heights are fixed along each boundary, 
but free to take all allowed values. The operator content induced by other 
boundary configurations and different geometries have also been considered 
for this particular family of models [20,22-24]. 

The modular invariant partition functions can be constructed from the central 
charge and conformal dimensions through the Virasoro characters [1-3] 
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= ?-* +Ap "E d »( A r,.)9 B > (3.7) 

n=0 



Q(q) = IK 1 -<T)- (3-8) 
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The first few integer co-efficients d n (A r ^ s ) are tabulated in, e.g., [3]. From the 
face model eigenspectra we see that the first few modular invariant partition 
functions for the fixed boundaries under consideration are 



h = 4, Z = 3xi,i + 3xi,3, 

h = b, Z = 4xi,i + 6x1,3, (3.9) 
h = Q, Z = 5xi,i + 9xi,3 + 5xi,5- 
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We can add h — 3, Z — 2xi,i [20] to begin this list. These relations define the 
asymptotic degeneracies of the eigenspectrum. 

3.2 Dilute A L model 

The transfer matrix eigenspectrum of the dilute A L face model is equivalent 
to that of the dilute loop model with the restriction m = N — £, where £ = 
0, 1, . . . , £ max , with £ max = L — 1. Again it is precisely the eigenvalues in the 
£ > £max sectors which do not appear in the eigenspectrum of the face model. 

The central charge and surface scaling dimensions of the dilute O(n) model 
with boundary weights (1.11) have been calculated from the exact solution 
of section 2.2 at the particular value u — A [25-28]. This is the so-called 
honeycomb limit of relevance to the surface critical behaviour of self-avoiding 
random walks [29,26,27,30]. It is straightforward to extend these calculations 
to the wider range < u < 3A. Indeed, the central charge and scaling di- 
mensions are independent of the spectral parameter u. The central charge 
is 

c = 1 - 6(g - l) 2 /g, (3.10) 

where irg = 2n — 4A. Three sets of "geometric" scaling dimensions have been 
derived, each corresponding to a choice of the boundary weights. For e = 0, 
the result is [29,25,28] 

X?-° = \g£ 2 + \{g-l)£. (3.11) 

In the language of surface critical phenomena, 0—0 labels the ordinary surface 
transition. The choice e = | (S— S) corresponds to the special surface transi- 
tion. The other possibility is mixed O— S boundary conditions with e = on 
one side of the strip and e = | on the other, for which there is also a Bethe 
solution [27,28]. The extraordinary surface transition has also been recently 
discussed [31]. We confine our attention here to the 0—0 boundaries. The 
thermal dimension has also been calculated, with in this case x — 2. 

For regime 1, g — with h — L + 2. The central charge (3.10) gives the 
unitary minimal result (3.5). The scaling dimensions are given in terms of the 
Kac formula by 

X°-° = A W , e = l,...,h-3. (3.12) 

As for the dense model, the Ising case has h — 4 with c = |, x a — | and 
x e = 2. 
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The first few conformal partition functions are given by 
h = A, Z = 2 X i,i + 2 X 2,i, 

h = 5, Z = 3xi,i + 4 X 2,i + 3 X 3,i, (3.13) 
h = 6, ^ = 4xi,i + 6x2,i + 6x3,i + 4x4,i. 

Since X2,i = Xi,3 for /i = 4 both the dense and dilute results are essentially 
the same for the Ising case. 

For regime 2, g = with h — L + 1. The central charge is again given by 
(3.5) with scaling dimensions 

X°-° = A ltl+e , £=l,...,h-2. (3.14) 

In this regime the Ising results for h — 4 are c=^, x = j^,x = ^ and x — 2. 
Here the first few conformal partition functions are given by 

h = A, Z = 3xi,i + 4 Xi,2 + 3xi,3, 

h = 5, Z = 4xi,i + 6x1,2 + 6x1,3 + 4x M , (3.15) 
/i = 6, Z = 5xi,i + 8x1,2 + 9xi,3 + 8xi,4 + 5xi, 5 , 

again from which the general pattern is readily apparent. 



4 Conclusion 

A set of particular fixed boundary weights has been constructed for both the 
dense and dilute Al face models from the boundary weights of the related 
loop model. The transfer matrix eigenspectra of the face models is seen to 
agree with that of the loop models under restriction of the parameter i. The 
surface operator content and the conformal partition functions then follow 
from the results obtained via the Bethe equations for the loop models. It will 
be particularly worthwhile to generalise these Bethe solutions in terms of the 
elliptic -^-functions of the off-critical Al models, as was done originally in the 
bulk [12,32]. 
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